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ABSTRACT
Keywords: The concept “weak topological
p- contraction” and a generalization
contraction, of Banach contraction mappings
Fixed called “p-contraction” has been
points. used to prove fixed point theorem

for orbitally complete mapping
from a metric space into itself
satisfying metric p-contraction.
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1. INTRODUCTION-
Banach [2] proved the following famous fixed point theorem:
Let X be a complete metric space with metricd and let f be a mapping from X into itself such that there exists

r I [0,1) with d(fx, fy) £ rd(X,y) forevery X,y I X ,then  has a unique fixed point.

Later this theorem is generalized in several directions. For example Ciric [2] proved a fixed point theorem for
a quasi contraction. Sujuki and Takahasi [4] also proved a fixed point theorem for a weakly contractive
mapping which is generalization of Banach contraction principle. Many authors has done the work in this
field.

Recently Pathak H.K. [5] has give a result in fixed point theory by using p-contraction mapping, which is
more general than the key ingredient of the Banach contraction principle. The aim of this paper is to extend
the work of Pathak H.K.[5].

Anoperator T 1 X ® X s said to be orbitally continuous if

f"ix ® u then

f(f"x) ® fu asx ® ¥

A metric space (X ,d) is said to be f-orbitally complete if f isaself mapping of X andif any Cauchy
n' ~
subsequence {f "X} in orbit O (X, f) where X I X, convergesin X .

Let (X ,d) be a metric space. A mapping
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f:YlI X®X

is said to be a metric [J -contraction mapping if Y is f -invariant and it satisfies the following inequality

(f(x), ) £ p(x)d(x, fx) forall x inY and
p:Y ® [0,1]

Theorem 1: Let (X ,d) be a metric space and T is orbitally complete. Suppose f : X ® X bea -
contraction mapping such that,

d(fx, F%) £ p(){E[d(x, fy) + d(x, fx) + d(y, fy)I} (1.1)

and P:Y ® [0,4],Y T X .Then f hasa unique fixed point.
Proof. Let X be an arbitrary point of X construct an iterative sequence {Xn }?f: 0 defined by XO = X,

X, = an_ forn I N : Now using (1.1) we observe

d(x,,x d(fx . ) (1.2)

n+1) =

£ p(x,. 1)%?@“_ ¥ f2xn_ DHdx ot )+ d(fx 1,f2Xn_ 1)%
2 ..
£ 00 L B0ty ) ) ¢ 800, 0

N ..
£ oty L gt
£ p(Xn- 1)d(xn’xn— 1)

By using property of [0 -contraction we observe that
d(x;,X,) £ p(xy)d(xp,X,),d(X,,X5) £ p(x)d(X, X,)... (1.3)
Continuing this process, we obtain

dx X, .)€ O pdxyx,) (1.4)
i=1

where 0; = p(Xi_ 1) = p(fi- 1(XO)),i I N .since
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max{p(x,),supp(f(x))} £ | <1. (1.5)
xI X
It follows from (1.4)
d(x,.x,,) £ 1"d(x,,x)) "nIN (1.6)

Form > n(m,n I N),wehave

dx.,,X,) £ d(x X . ;) + d(X ) oo d(X 1 X0) 1.7)

n+1 n+1’Xn+2

£ gn + n+1+ 0000t | m-lﬁj(xo’xl)
n
1- 1

It follows that the sequence {Xn }n -plsa Cauchy sequence in X .since X is f -orbitally complete, it

£

d(X,,X,)

follows that there exists a Cauchy subsequence {f " (X)} of {Xx, } inorit O(x, fX) , X IX,

which converges to a point Z in X . We now show that Z is indeed, a fixed point of f. Suppose that
z'! f(Z) .Since T isa ] -contraction it follows that

d(F(x, ); F20¢, ) £ POk, Jd0x, , (X, )) (L8)

£ sup p(fe))d(x,, . f(x, )
X | I
Now taking the superior limit, we get

d(z,f(2)) = lim supd(f(x, ). f2(x_))(L.9)

£ sup p(fx) lim supd(x. ,f(x.))
xi X i® ¥ i i

= sup p(fx)d(z, f(z) < d(z,1(2))

xI X
It is a contradiction. Thus Z is a fixed point of f.

Example 2.1. Let X = [ 1, 1] equipped with usual metric d . Let
f : X ® X beamapping

defined by f(x) = gxfor x* 0,f(x)=1forx<0 (1.10)
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Let
p:X ® [01] (1.11)
o 4, ; . . . .
be a function defined by P(X) = 5"X I X f isafundamental ] -contraction and it has also fixed
pointat X = 0.
d(fx, f3) £ p(x)d(x, fx)
& agy O 4 4%
f(x)= —, éf X:: £2(x)= — o = 16y (1.12)
0w 9 81
d(fx, ) = Ay Lox_2x A 5x p(x)d(x; fx)
9 81 81l 9 9
= p(x). (1.13)
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